Motivated by recent results by lattice analysis, we assume that the spin-1 mesons of (ρ, ω, a1, ρ ′ , ω ′ , b1, f1, h1) make a representation of 16 of U(4) emergent symmetry in two-flavor QCD when the chiral symmetry is not broken. We study the decay properties of the spin-1 mesons by using a chiral model with an SU(4)×U(1) hidden local symmetry. We first show that, since the SU(4) symmetry is spontaneously broken together with the chiral symmetry, each coupling of the interaction among one pion and two spin-1 mesons is proportional to the mass difference of the relevant spin-1 mesons similarly to the Goldberger-Treiman relation. In addition, some of one-pion couplings are related with each other by the SU(4) symmetry. We further show that there is a relation among the mass of ρ ′ meson, the ρ ′ ππ coupling and the ρ ′ -photon mixing strength as well as the Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin relation for the ρ meson. From the relations, we give numerical predictions such as ratios of the spin-1 meson decay widths, which are compared with future experiments for testing the existence of the U(4) emergent symmetry.
I. INTRODUCTION
In Quantum ChromeDynamics (QCD) the chiral symmetry is one of the most important symmetry to investigate properties of hadron. In particular, pion is identified as the pseudo Nambu-Goldstone (NG) boson corresponding to the spontaneously symmetry breaking of the chiral symmetry, which means that dynamics of pion is described by the low energy theorem. On the other hand, there are the spin-1 mesons at about 1 GeV mass, as shown in FIG. 1. It is a variable problem to describe the spin-1 mesons and pion in a discussion of symmetries and their breaking. Recently, the existence of an SU(4) symmetry in the spin-1 meson sector is suggested by Refs. [2] [3] [4] via the * h248ra@hken.phys.nagoya-u.ac.jp † harada@hken.phys.nagoya-u.ac.jp lattice QCD calculation. This is also shown in unbroken limit of the chiral symmetry in two-flavor case in Ref. [5] . In the references, the symmetry is called as an emergent symmetry in QCD. The SU(4) symmetry includes the chiral symmetry SU(2) L ×SU(2) R ×U(1) A , which is corresponding to the rotation of the quark field ψ written as
. This means that the mesons denoted by (ρ, a 1 , ρ ′ , ω ′ , b 1 , f 1 , h 1 ) are members belonging to a multiplet of the SU(4) symmetry, and that the mass differences of members are caused by the spontaneous chiral symmetry breaking. This indicates that there exist extended Goldberger-Treiman (GT) relations between the mass differences of spin-1 mesons and their couplings to pions which are Nambu-Goldstone bosons associated with the chiral symmetry breaking.
In this work, we construct an effective Lagrangian with an SU(4) × U(1) hidden local symmetry (HLS) [6] [7] [8] [9] [10] [11] , which includes the spin-1 mesons, (ω, ρ, a 1 , ρ ′ , ω ′ , b 1 , f 1 , h 1 ), as gauge fields of the HLS. The symmetry of the Lagrangian is [SU(2) R × SU(2) L × U(1) A ] chiral × [SU(4) × U(1)] HLS , which is broken to SU(2) isospin symmetry by the chiral condensate. Then, we show extended GT relations, by which each coupling of the interaction among one pion and two spin-1 mesons is proportional to the mass difference of the relevant spin-1 mesons. In addition, we can derive relations among the coupling of the spin-1 mesons to one pion thanks to the existence of the SU(4) symmetry. Furthermore, we show that there is a relation among the mass of ρ ′ meson, the ρ ′ ππ coupling and the ρ ′ -photon mixing strength as well as the Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin relations for the ρ meson. These relations give us predictions for one-pion decay widths of spin-1 mesons and the electromagnetic form factor of the pion, which can be verified by future experiments.
In this paper, we conduct the analyses: In Sec. II, we construct a Lagrangian with the SU(4)×U(1) HLS to introduce the spin-1 mesons. In Sec. III, we give eigenstates and masses of the spin-1 mesons. In Sec. IV, we obtain extended GT relations. We study one-pion decays of the spin-1 mesons in section V and extended KSRF relations in section VI. In Sec. VII, we make a numerical analysis to determine the parameters and give a prediction on the electromagnetic form factor of pion. The summery and discussions are given in Sec. VIII.
II. CONSTRUCTION
We construct a chiral Lagrangian with the SU(4) × U (1) The NG bosons associated with the coset-space G global /H are introduced through the 2 by 2 unitary matrix field U as
where η and π a (a = 1, 2, 3) are the eta meson and the pion fields, and σ a is the Pauli matrix. For introducing the SU(4) × U(1) HLS, we embed this U into 4 by 4 matrix field U as
which transforms under the chiral symmetry SU(2) L × SU(2) R × U(1) A as
where G is an element of G global = SU(2) L × SU(2) R × U(1) A written as
by using g L,R ∈ SU(2) L,R and g A ∈ U(1) A . The genera-#1 Explicit breaking of U(1) A by anomaly is added later together with the explicit chiral symmetry breaking from the current quark masses of up and down quarks.
tors of the chiral symmetry G global are
whose explicit form are given in Appendix A. After the spontaneous symmetry breaking of G global , the generators expressed by S are corresponding to the unbroken ones, while X are broken generators. This implies that transformations generated by S belong to H. Let us decompose U as
These fields transform under
where
is an element of an H extra (= U(2)) extra local symmetry, whose generator is written as
From the above transformation properties, the covariant derivatives are expressed as
where V µ is the HLS gauge field, V µ = V A µ T A , for G local , V µ is the external gauge field written by
andṼ µ is the gauge field for H extra . We note that we do not introduce the kinetic term for thisṼ µ , so that it is not a dynamical field in the present analysis. The field strength of the HLS gauge field is written as
For constructing the Lagrangian, it is convenient to introduce the following covariantized Maurer-Cartan 1-forms:α under G global × G local , P, and C transformations.
which transform under G global ×G local ×H extra , the parity P, and the charge conjugation C as in Table I . Now, the 1-formα µ is classified aŝ 14) and similarly for α µ , we find that the sum
is expanded in terms of X 
To take account of the effect of current quark masses, we introduce an external source χ which transforms under the chiral symmetry G global as
We assume that its expectation value is given as
We redefine the external source aŝ
such that it transforms under G global × G local , P, and C asχ
respectively. By using a standard order counting manner for the fields:
where F is a constant with dimension one. Note that this F is not the pion decay constant, which will be determined later. In addition, there are eight operators includingα
Although the term given by
is also an allowed operator, it contributes only to the vacuum energy. The Lagrangian with the SU(4)
with arbitrary real coefficients a (n) , b (n) , and a χ . g and g B are the gauge coupling corresponding to SU(4) HLS and U(1) HLS , respectively #2 . In the above Lagrangian (II.25), Ξ(x) and Ξ m (x) are parametrized as
where the p, s,s, and π are
#2 The values of the couplings are scaled by √ 2 comparing with usual way as defined in Ref. [11] .
respectively. π(x) is the NG-boson field corresponding to the breaking of the chiral symmetry, which is identified with the pion. F p , F s , F π , and Fs are constants with one mass-dimension, in particular F π is the pion decay constant. p(x), s(x), ands(x) are also the NG-boson fields which are eaten by the gauge fields.
SinceṼ µ included inα
is not a dynamical field, we fixs(x) = 0 and integrate out the gauge field. Then L ′ n become the terms given in Eqs. (II.22), and the Lagrangian is written by
with the coefficientsā (n) being certain linear combinations of a (n) and b (n) .
To analyze the dynamics of the spin-1 mesons together with the pion in the model, in the following analysis, we take the unitary gauge
as well ass = 0. As shown in Appendix B, the expanded form of the Maurer-Cartan 1-forms are written by using π and V µ .
III. EIGENSTATES AND MASSES
In this section, we obtain the mass eigenstates of the spin-1 mesons and their masses.
By using the generators of SU(4) × U(1) listed in Appendix A, the HLS gauge field is decomposed as
They are classified as (ρ, ω, a 1 , ρ ′ , ω ′ , b 1 , f 1 , h 1 ) by the properties of transformation under P and C. Because the fields satisfy
they are identified as the spin-1 mesons:
From L V + a χ L χ , the quadratic terms with respect to the fields are given as
where the axial external gauge field is defined as
is the linear combination of the lowest eta meson and η ′ (958). To normalize the kinetic terms of π a and η, we set
together with a χ F 2 = F 2 π which makes the pion mass be m π . The second line in Eq. (III.5) implies that the physical pion decay constant is defined as
whose value is given in Table III . Furthermore, the mass eigenstates of a 1 and f 1 are defined by
a (12) .
(III.9) r a1 (r f1 ) expresses the mixing rate between the a 1 (f 1 ) meson and the pion π (η). Their masses are obtained as
The mixing of Eq. (III.8) implies that the currents corresponding to the generators X a (3) and X 0 (3) of the SU(4) HLS are coupled to the axial current of the chiral symmetry with the factors of r a1 and r f1 , respectively.
The physical states and masses for b 1 and h 1 are defined as
respectively. By diagonalizing the mass matrices from Eq. (III.5), the eigenstates for the vector mesons are expressed as
µ⊥ (1) ,
The masses of these states are obtained as
where the mixing angles θ ρ and θ ω are determined as
, tan 2θ ω ≡ 2g B gā (13) g 2 Bā (9) − g 2ā (10) .
(III.14)
We can fix the values of ten parameters from the physical values of eight spin-1 mesons listed in Table II using Eqs. (III.10), (III.11) and (III.13) together with two conditions given in Eq. (III.6). The model still has six free parameters:
which relates several interactions among the spin-1 mesons. In this paper, since we do not treat decays of the eta meson, the parameter r f1 is irrelevant. So, we will determine the values of five parameters except for r f1 .
In the following, we summarize the extended GT relations, the relations among one-pion decays of spin-1 mesons and the extended KSRF relations in the separated sections. To obtain some predictions analytically and numerically from them, we use experimental values in Table III .
IV. EXTENDED GOLDBERGER-TREIMAN RELATION
In this section, we investigate an extended GoldbergerTreiman relation for one-pion interactions of two different 
#3 Indices for isospin are omitted. Note that terms including the antisymmetric tenser ǫ µναβ are also allowed if the initial and final states have the same parity. In the HLS model, these contributions are obtained from the intrinsic parity odd terms, which are listed in Appendix C.
and h j (q 2 ) (j = 1, 2) are independent form factors, which are generally complex functions of q 2 . Since the axial vector current is conserved in the chiral limit, we have the Ward-Takahashi identity as q α M α = 0, which leads to
The form factors h 1 (q 2 ) and h 2 (q 2 ) include a massless pole of the pion contribution:
with n = 1, 2. In the soft pion limit q 2 → 0, the left hand side of Eq. (IV.2) is reduced to
where we used p · q = . From this one can obtain
This is an extended Goldberger-Treiman relation among a mass difference of two spin-1 mesons, their coupling to one pion and the axial form factor. It should be noted that, if the mass splitting of the initial and final states were large, the soft pion limit would not be reasonable. The existence of the emergent symmetry in QCD implies that the mass difference of the spin-1
comes from the breaking of the chiral symmetry. Thus, the emergent symmetry together with the chiral symmetry ensures low energy theorems for the members of a multiplet of the symmetry.
Next, we turn to make an analysis based on the present model. In the L V part of the Lagrangian (II.28), there are no interactions among two HLS gauge fields and one pion field. However, due to the existence of the a 1 -π and f 1 -η mixings as shown in Eq. (III.8), the HLS gauge field V µ include the fields for the physical pion in addition to the physical spin-1 mesons. Then, the interactions among two spin-1 mesons and one pion are generated from
included in L k of Eq. (II.29). As a result, all the interactions among two spin-1 mesons and one pion are proportional to the ratio r a1 /f π . The explicit forms of the effective vertices are written as
where the projection operator is defined as 8) and g V1V2π expresses the corresponding coupling:
As shown in Appendix B, interactions among three spin-1 mesons including a 1 are also obtained from L Fig. 2(a) contributes to only h 1 , and the a 1 meson in Fig. 2(b) contributes to h 1 , g 1 and g 4 . We summarize their contributions in Table IV . Substituting these contributions into Eq. (IV.2) we can easily verify that the Ward-Takahashi identity is actually satisfied for any q 2 . We next consider the soft-pion limit, q 2 → 0. As expected in the general consideration given above, the pion contribution dominates over the a 1 meson contribution in h 1 . As a result, h 1 (q 2 ) is expressed as in Eq. (IV.3), where G
V1V2π is listed in the first column of Table V . On the other hand, g 1 (0) is determined by taking q 2 = 0 limit of the a 1 meson contribution, which is listed in the second column of Table V. Since the coupling g a1 in the second column is given by g a1 = − ra 1 m 2 a 1 g as shown in Appendix B, we can easily confirm that these actually satisfy the extended GT relation in Eq. (IV.5).
V. RELATIONS AMONG ONE-PION DECAYS OF SPIN-1 MESONS
In this section we give several relations among one-pion interactions of two spin-1 mesons.
We would like to stress that all the one-pion decays of spin-1 mesons are expressed by one parameter r a1 /f π reflecting the existence of the SU(4) symmetry as shown
Diagrams contributing to the amplitude given in Eq. (IV.1). 
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in Eq. (IV.9). By using Eq (IV.9), the one-pion decay widths of spin-1 mesons are easily calculated:
where the momentum is given as
and the factor κ depends on the isospin of the initial and final states:
The unknown parameter r a1 /f π in the coupling g V V π is canceled by taking ratios of these decay widths:
where the numerical factors in the RHS are simply evaluated from the corresponding kinematical factors calculated by using the masses listed in Table II . Errors in the RHS are estimated from the errors listed in the table.
Since the first two relations are independent of the parameters, experimental measurements of these ratios will check the existence of the SU(4) symmetry. Then, we can determine the mixing angles from the latter three relations.
VI. EXTENDED KSRF RELATIONS
In this section, we derive the Kawarabayashi-SuzukiRiazuddin-Fayyazuddin (KSRF) relations among the ρ meson mass, the ρππ coupling and the ρ-photon mixing strength, as well as their extension to the ρ ′ meson. The interactions among one gauge field and two pion fields are included in the L V of the Lagrangian (II.28). Similarly to the one-pion interactions studied in the previous section, due to the existence of the a 1 -π mixing, the three point interaction L (3) int generates the interactions among a spin-1 meson and two pions. The resultant effective vertices among two pions and one vector meson are given by
where p = p 1 + p 2 , and
V ππ (p 2 ) is relevant for V → ππ decay and the electromagnetic form factor of pion. Furthermore, when the vector mesons are on their mass shell, the ratio of two V ππ couplings is related to the mixing angle as
We introduce the photon field A µ by replacing the external gauge field as
where e is the electromagnetic coupling constant, and
The L V part of the Lagrangian generates the mixing between a vector meson and the photon. The mixing strengths for ρ, ρ ′ , ω and ω ′ mesons are expressed as
Similarly to Eq. (VI.3), several ratios of two of above quantities are expressed as
Now, comparing the expressions in Eq. (VI.6) with the two-pion vertices in Eq. (VI.2), one can find the KSRF I relation and the extended one for ρ ′ in the soft momentum limit, p = 0:
On the other hand, for the on-shell vector mesons, they become
This implies that the deviation for the on-shell ρ from the KSRF I relation is caused by the term including r a1 , which is generated from L
ρππ (p 2 ). Let us consider the relations among several relevant decay widths. The decay widths for the ρ → ππ and ρ 0 → e + e − are calculated as and similarly for ρ ′ → ππ and ρ ′ , ω, ω ′ → e + e − . Combining the relations in Eq. (VI.3) and (VI.8), we obtain 14) , we obtain the following parameter free relation:
which is regarded as an experimental check of the existence of SU (4) 
From this together with Eq. (VI.13), the limit is obtained as
which implies that the mixing between V and V ⊥ (1) is not large. From this upper limit for the mixing angle, the ratio of e + e − decays of ρ ′ and ρ mesons has an upper limit as
Using the upper limit for tan 2 θ ρ in Eqs. (VI.19), we obtain the upper limits for the ratios of one-pion decays of spin-1 mesons: 
VII. NUMERICAL ANALYSIS
In this section, we determine the model parameters from the relevant experimental data, and make several phenomenological predictions.
We first construct the electromagnetic form factor of pion. From the second term in the last line of Eq. (B.3), we can read the direct γππ coupling as
From this and Eqs. (VI.2) and (VI.6), the pion space-like form factor is given by
with Q 2 = −q 2 , where q is the photon momentum. This form factor is normalized as F π ± V (Q 2 = 0) = 1 reflecting the existence of the electromagnetic U(1) symmetry. From this, the pion charge radius is calculated as
By using Eqs. (VI.6), (VI.10), and (VII.3), the param-eters are expressed as
We should note that, since the pion charge radius is positive and
is satisfied, one can find that the couplings g where we added 10% errors expected from higher order corrections [11] . Then the upper limit of tan 2 θ ρ , tan 2 θ ρ 0.1 given in Eq. (VI.19), is within the errors of above determination. The electromagnetic form factor obtained from these values is shown in Fig. 3 together with the experimental data. This shows that the predicted form factor reasonably reproduce the experimental data, taking account of their errors.
We would like to note that the both numerators of the ρ and ρ ′ contributions in Eq. (VII.2) have the same sign, which is contrasted to the result by a holographic QCD model [17] . Furthermore, the direct γππ coupling is evaluated through
as g γππ = −0.28 ± 0.13 by using the values in Table III . This result means that there is a slight deviation from the vector meson dominance. At the end of this section, we estimate several decay widths of spin-1 mesons by using the parameter set given in Eqs. (VII.8) and show them in Table VI . Decay mode Partial width (MeV)
VIII. SUMMARY AND DISCUSSIONS
We constructed a chiral Lagrangian with an SU(4) × U(1) hidden local symmetry which includes the spin-1 mesons, (ρ, a 1 , ρ ′ , ω ′ , b 1 , f 1 , h 1 ), together with pion. We found that each coupling of the interaction among one pion and two spin-1 mesons is proportional to the mass difference of the relevant spin-1 mesons similarly to the Goldberger-Treiman relation. In addition, there were the relations among one-pion decays of spin-1 mesons thanks to the existence of the SU(4) emergent symmetry. Furthermore, we found a relation among the mass of ρ ′ meson, the ρ ′ ππ coupling and the ρ ′ -photon mixing strength as well as the Kawarabayashi-Suzuki-RiazuddinFayyazuddin relation for the ρ meson. We summarize these predictions in Table VII. Using two ratios indicated in Table VII together with the total widths of ρ ′ and ω ′ mesons, we obtained several upper limit for the ratios as shown in the last column of the table. By testing them in future experiments, we can verify the existence of the emergent symmetry.
There also exist hadronic decays which involve the intrinsic parity odd terms shown in Appendix C. Possible decay modes are expressed by "×" in Table VIII , such as 
Independent of the parameters
ρ ′ → ωπ and ω → 3π. We listed the allowed operators in Appendix C. Similarly to the result obtained in the generalized HLS at O(p 2 ) [9, 10], we also found Γ (a 1 → πγ) = 0 together with Γ (b 1 → πγ) = 0 and Γ (h 1 → πγ) = 0 at the leading order, as we showed some detail calculations in Appendix D. As in the case of the generalized HLS, we expect that non-vanishing contributions will be produced by higher order correction of the derivative expansion [9, 10, 18] .
We have to remark that our analysis are done in the chiral broken phase since we used the nonlinear realization of the chiral symmetry. On the other hand, the existence of the emergent symmetry is proposed by reducing the Dirac zero mode in the lattice QCD, which corresponds to remove the dominant contribution of the chiral symmetry breaking as shown by the Banks-Casher relation. It will be interesting to clarify the correspondence between our model and the lattice QCD result, which we leave for future works. Table VIII : Two-body pionic decay channels. "−" implies that the decay mode is prohibited kinematically or by the isospin, P, and C while "×" and "
√ " mean that such decay channel is allowed through the operators with the intrinsic parity odd and even, respectively.
Initial mass channel (MeV) ππ ρπ ωπ ρ ′ π ω ′ π a1π f1π b1π h1π 3π ηππ 4π The generators of an SU(4) are defined as
(2) } with A = 1, . . . , 15 and a = 1, 2, 3:
where a = 1, 2, 3 and t a = σ a /2. An SU(4) group includes its subgroup SU(2) whose generator is S a . The generator of a U(1) is also defined as
The commutation relation between the generators are obtained as
Appendix B: Detailed calculations of Lagrangian terms
In this appendix we show detailed calculations for obtaining the interaction terms among the spin-1 mesons and pion.
We expand the Maurer-Cartan 1-forms given in Eq. (II.13) in the unitary gauge p = s =s = 0:
+ Terms for (I = 0) : fromā (8) toā (14) 
Substituting the masses and the eigenstates defined in Sec. III into Eq. (B.2), we have
where the vector and axial parts of the external gauge field are defined as
by using the external fields given in Eq. (II.11). Here Eq. (II.11) is rewritten as
On the other hand, the kinetic term of the HLS gauge field also gives three point interaction terms:
where a, b, c = 1, 2, 3 corresponding to isospin, i, j, k = 1, 2, 3, and
Since the mixing structures of the gauge fields are given by
the three-point interaction terms related to pion emission are expressed as
These interactions are controlled by only four parameters g , r a1 , θ ρ , θ ω , (B.10) thanks to the SU(4) symmetry.
Appendix C: Intrinsic parity odd terms
Intrinsic parity (IP) is a Z 2 transformation defined as
.
(C.1)
The O(p 2 ) terms given in Sec. II are IP-even. IP-odd terms are constructed at O(p 4 ) of the derivative expansion as , or external gauge field V µν in a similar way.
